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We onsider eletron spin qubits in quantum dots and dene a measurement eieny e to har-
aterize reliable measurements via n-shot read outs. We propose various implementations based on
a double dot and quantum point ontat (QPC) and show that the assoiated eienies e vary
between 50% and 100%, allowing single-shot read out in the latter ase. We model the read out
mirosopially and derive its time dynamis in terms of a generalized master equation, alulate
the QPC urrent and show that it allows spin read out under realisti onditions.
The read out of a qubit state is of entral importane
for quantum information proessing [1℄. In speial ases,
the qubit state an be determined in a single measure-
ment, referred to as single shot read out. In general,
however, the measurement needs to be performed not
only one but n times, where n depends on the qubit,
the eieny e of the measurement devie, and on the
tolerated inauray (indelity) α. In the rst part of
this Letter, we analyze suh n-shot read outs for general
qubit implementations and derive a lower bound on n in
terms of e and α. We then turn to spin-based qubits
and GaAs quantum dots [2, 3℄ and analyze their n-shot
read out based on a spin-harge onversion and harge
measurement via quantum point ontats.
n-shot read out and measurement eieny e. How
many times n do the preparation and measurement need
to be performed until the state of the qubit is known
with some given indelity α (n-shot read out)? We
onsider a well-dened qubit, i.e., we take only a two-
dimensional qubit Hilbert spae into aount and ex-
lude leakage to other degrees of freedom. We de-
ne a set of positive operator-valued measure (POVM)
operators [4℄, EA0 = p0 |0〉 〈0| + (1 − p1) |1〉 〈1| and
EA1 = (1 − p0) |0〉 〈0| + p1 |1〉 〈1|, where p0 and p1 are
probabilities. These operators desribe measurements
with outomes A0 and A1, resp. They are positive and
EA0 +EA1 = 1. This model of the measurement proess
an be pitured as follows. First, the qubit is oupled to
some other devie (e.g., to a referene dot, see below).
Then this oupled system is measured and thereby pro-
jeted onto some internal state. That state is aessed
via an external pointer observable Aˆ [4℄ (e.g., a par-
tiular harge distribution, a time-averaged urrent, or
noise). We assume that only two measurement outomes
are possible, either A0 or A1, whih are lassially distin-
guishable [5℄. For initial qubit state |0〉 the expetation
value is 〈Aˆ〉0 = p0A0 + (1− p0)A1, while for initial state
|1〉 it is 〈Aˆ〉1 = (1− p1)A0 + p1A1. Let us take an initial
qubit state |0〉and onsider a single measurement. With
probability p0, the measurement outome is A0 whih
one would interpret as qubit was in state |0〉 . How-
ever, with probability 1− p0, the outome is A1 and one
might inorretly onlude that qubit was in state |1〉 .
Conversely, the initial state |1〉 leads with probability p1
to A1 and with 1− p1 to A0. We now determine n for a
given α, for a qubit either in state |0〉 or |1〉 (no super-
position allowed [6℄). For an aurate read out we need,
roughly speaking, that 〈Aˆ〉0 and 〈Aˆ〉1 are separated by
more than the sum of the orresponding standard devi-
ations. More preisely [7℄, we onsider a parameter test
of a binomial distribution of the measurement outomes,
one of whih is A0 with probability p. The null hypoth-
esis is that the qubit is in state |0〉 , thus p = p0. The
alternative is a qubit in state |1〉 , thus p = 1 − p1. For
suiently large n, namely n p0,1(1 − p0,1) > 9, one an
approximate the binomial with a normal distribution [8℄.
The state of the qubit an then be determined with sig-
niane level (indelity) α for
n ≥ z21−α
(1
e
− 1
)
, (1)
e =
(√
p0p1 −
√
(1− p0)(1 − p1)
)2
, (2)
with the quantile (ritial value) z1−α of the standard
normal distribution funtion, Φ(z1−α) = 1 − α = 12
[
1 +
erf(z1−α/
√
2)
]
. We interpret e as measurement e-
ieny. Indeed, it is a single parameter e ∈ [0, 1] whih
tells us if n-shot read out is possible. For p0 = p1 = 1,
the eieny is maximal, e = 100%, and single-shot read
out is possible (n = 1). Conversely, for p1 = 1 − p0
(e.g., p0 = p1 =
1
2
), the state of the qubit annot
be determined, not even for an arbitrarily large n, and
the eieny is e = 0%. For the intermediate regime,
0% < e < 100%, the state of the qubit is known after
several measurements, with n satisfying Eq. (1).
Visibility v. When oherent osillations between |0〉
and |1〉 are onsidered, the amplitude of the osillat-
ing signal is
∣∣〈Aˆ〉1 − 〈Aˆ〉0∣∣, i.e., smaller than the value
|A1 −A0| by a fator of v = |p0 + p1 − 1| . Thus, we
an take v as a measure of the visibility of the oher-
ent osillations. With v and the shift of the osillations,
s = 1
2
(p1 − p0) = 12
(〈Aˆ〉0+〈Aˆ〉1−A0−A1)/(A1−A0), we
an get e. We nd the general relation v2 ≤ e ≤ v, where
the left inequality beomes exat for p0 = p1 and the
2Figure 1: Eletron spin read-out setup onsisting of a double
dot. The right referene dot is oupled apaitively to a
QPC shown on the right. (a) Read out using dierent Zee-
man splittings. For ↑, the eletron tunnels between the two
dots. For ↓, tunneling is suppressed by the detuning and the
stationary state has a large ontribution of the left dot sine
it has lower energy. This allows single-shot read out, i.e.,
e = 100%. (b) Spin-dependent tunneling amplitudes, t↓d < t
↑
d,
also enable eient read out. () Read out with the singlet
state. Tunneling of spin ↑ to the referene dot is bloked due
to the Pauli priniple. (d) Shemati urrent vs. time during
a single measurement. Here, τdd is the time sale for tunnel-
ing and we assume Γtot > td, i.e., that the tunneling events
an be resolved in the urrent.
right for p0 = 1 or p1 = 1. Further, for every 0 < ǫ < 1
we an take p0 =
1
2
and p1 =
1
2
+ ǫ
2
, thus e < ǫv. Hene,
given these natural interpretations of e and v, we see
that somewhat unexpetedly the eieny an be muh
smaller than the visibility (of ourse, e = 0⇔ v = 0).
Single spin read out. We now disuss several onrete
read-out setups and their measurement eieny. We
onsider a promising qubit, whih is an eletron spin on-
ned in a quantum dot [2, 3℄. For the read out of suh a
spin qubit, the time sale is limited by the spin-ip time
T1, whih has a lower bound of ≈ 100 µs [9, 10℄ (while
T2 is not of relevane here). One setup proposed in Ref.
2 is read out via a neighboring paramagneti dot, where
the qubit spin nuleates formation of a ferromagneti do-
main. This leads to p0 = p1 =
3
4
and thus e = 25%.
Another idea is to transfer the qubit information from
spin to harge [2, 3, 11, 12, 13℄. For this, we propose
to ouple the qubit dot to a seond (referene) dot [14℄
and disuss several possibilities how that oupling an
be made spin-dependent, see also Fig 1. The resulting
harge distribution on the double dot will then depend
on the qubit spin state and an be deteted by oupling
the double dot to an eletrometer, suh as a quantum
point ontat (QPC) [15, 16℄, see Fig 1 (or, alternatively,
a single-eletron transistor [17℄).
Read out with dierent Zeeman splittings. First, we
propose a setup where eienies up to 100% an be
reahed, see Fig. 1a. We take a double dot with dierent
Zeeman splittings, ∆L,Rz = E
↓
L,R − E↑L,R, in eah dot
[18℄ and onsider a single eletron on the double dot.
For initial qubit state |↑〉 , the eletron an tunnel from
state |L↑〉 =̂ ❧↑ L ❧R to state |R↑〉 =̂ ❧L ❧↑ R and vie
versa, and analogously for qubit state |↓〉 . We onsider
time sales shorter than T1, thus the states with dierent
spins are not oupled. Next, we dene the detunings
ε↑,↓ = E
↑,↓
L − E↑,↓R , whih are dierent for the up and
down states, ε↓−ε↑ = ∆Lz −∆Rz 6= 0. The stationary state
of the double dot depends on ε↑,↓ and so does the QPC
urrent I¯↑,↓ [we show this below, see Eq. (5) and I¯incoh℄.
Therefore, initial states |↑〉 and |↓〉 an be identied
through distinguishable stationary urrents [5℄, I¯↑ 6= I¯↓,
thus e = 100% and single-shot read out is possible.
Spin-dependent tunneling provides another read-out
sheme, see Fig. 1b, whih we desribe with spin-
dependent tunneling amplitudes t↑,↓d . For t
↓
d ≪ t↑d, only
spin ↑ tunnels onto the referene dot while tunneling of
spin ↓ is suppressed. We assume the same Zeeman split-
ting in both dots and resonane ε = 0. It turns out [Eq.
(5)℄ that I¯↑,↓ depends on t
↑,↓
d and thus the state of the
qubit an be measured. However, the deay to the sta-
tionary state is quite slow in ase the qubit is |↓〉 , due to
the suppressed tunneling amplitude t↓d . Sine the dier-
ene in harge distribution between qubit |↑〉 and |↓〉 is
larger at short timesales, it an thus be advantageous to
measure the time-dependent urrent (disussed toward
the end).
Read out with Pauli priniple. We now onsider
the ase where the referene dot ontains initially an
eletron in spin up ground state, see Fig. 1. We
assume gate voltages suh that there are either two
eletrons on the right dot or one eletron on eah
dot. Thus, we onsider the 5 dimensional Hilbert
spae |SR〉 =̂ ❦L ❦↑↓R, |↑↓〉 =̂ ❦↑ L ❦↓ R, |↓↑〉 =̂ ❦↓ L ❦↑ R,
|T+〉 =̂ ❦↑ L ❦↑ R, |T−〉 =̂ ❦↓ L ❦↓ R. We dene the deloal-
ized singlet |SLR〉 = ( |↑↓〉 − |↓↑〉 )/
√
2 and the triplet
|T0〉 = ( |↑↓〉 + |↓↑〉 )/
√
2. In the absene of tunnel-
ing, the orresponding energies are ESR = 2ǫR + U and
ESLR = ET0,± = ǫL + ǫR with harging energy U and
single partile energies ǫL,R. We an neglet states with
two eletrons on the qubit dot and the triplet states with
two eletrons on the referene dot, sine they have a muh
larger energy (their admixture due to tunneling is small).
We denote the state with an extra eletron on the right
dot as |R〉 ≡ |SR〉 with orresponding QPC urrent IR.
For state |L〉 ≡ |SLR〉 and for all triplet states, |T0,±〉 ,
the urrent is IL. When tunneling is swithed on and the
qubit is initially in state |↑〉 , tunneling to the referene
dot is bloked due to the Pauli exlusion priniple [19℄.
Thus, the double dot will remain in the (stationary) state
|T+〉〈T+| and the urrent in the quantum dot remains
〈I〉 = IL (a so-alled non-demolition measurement). On
the other hand, for an initial qubit state |↓〉 , the initial
state of the double dot is |↓↑〉 = ( |T0〉− |SLR〉 )/
√
2. The
ontribution |SLR〉 of this superposition is tunnel ou-
pled to |SR〉 and will deay to the stationary state ρ¯ with
orresponding QPC urrent I¯ (see below for an expliit
evaluation). In ontrast, the triplet ontribution |T0〉 is
3not tunnel-oupled to |SR〉 due to spin onservation and
does not deay. In total, the density matrix of the dou-
ble dot deays into the stationary value
1
2
(|T0〉〈T0|+ ρ¯).
For ε = 0, the ensemble-averaged QPC urrent for qubit
|↓〉 is 〈I〉 = 1
2
(IL + I¯) ≈ 14 (3IL + IR) and an thus be
distinguished from IL for qubit |↑〉 . However, in a single
run of suh a measurement, an initial qubit |↓〉 deays
either into |T0〉〈T0| or into ρ¯, with 50% probability eah.
Sine |T0〉〈T0| and |T+〉〈T+| lead to the same QPC ur-
rent IL, these two states are not distinguishable within
this read-out sheme and single-shot read-out is not pos-
sible. The read out an now be desribed with the POVM
model given above, with |↑〉 ≡ |0〉 and |↓〉 ≡ |1〉 and
A↑ = IL; A↓ = I¯; p↑ = 1; and p↓ =
1
2
. Thus, the mea-
surement eieny is e = 50%, i.e., to ahieve a delity
of 1− α = 99%, we need n ≥ 7 read outs [8℄.
An analogous read out is possible if the ground state of
the referene dot is a triplet, say |RT+〉 =̂ ❦L ❦↑↑R whih
is lower than the other triplets ( |RT0,−〉 , |RT−〉 ) due to
Zeeman splitting. Again, we assume that the referene
dot is initially |↑〉 . First, for a qubit state |↑〉 and at res-
onane, ε = 0, tunneling into |RT+〉 always ours and
p↑ = 1. Seond, the qubit state |↓〉 has an inreased en-
ergy by the Zeeman splitting ∆z and is thus at resonane
with |RT0〉 (whih has also an inreased energy). If the
double dot is not projeted onto the singlet (in 50% of
the ases), tunneling onto the referene dot will also o-
ur, i.e., p↓ =
1
2
. Thus, when one detets an additional
harge on the referene dot, the initial state of the qubit
is not known. We nd again e = 50%.
Read-out model. So far we have introdued various
spin read out shemes and the orresponding measure-
ment eienies. In order to evaluate the signal strength
A0 − A1 for these shemes, we now alulate the sta-
tionary harge distribution ρ¯ and QPC urrent I¯ for
the ase when the eletron an tunnel oherently be-
tween the two dots (as a funtion of the detuning and
the tunnel oupling). We desribe the read-out setup
with the Hamiltonian H = Hd + Vd +HQPC + V. Here,
HQPC ontains the energies of the (unoupled) Fermi
leads of the QPC. Further, Hd desribes the double dot
in the absene of tunneling, inluding orbital and ele-
trostati harging energies, Hd |n〉 = En |n〉 . It thus
ontains ε = EL−ER, the detuning of the tunneling res-
onane. The inter-dot tunneling Hamiltonian is dened
as Vd = td( |R〉 〈L| + |L〉 〈R|). (Note that for tunneling
between |SLR〉 and |SR〉 , td is
√
2 times the one-partile
tunneling amplitude, sine both states |↑↓〉 and |↓↑〉 are
involved). V is a tunneling Hamiltonian desribing trans-
port through the QPC. The tunneling amplitudes, tQL and
tQR, will be inuened by eletrostati eets, in partiular
by the harge distribution on the double dot. Thus, we
model the measurement of the dot state via the QPC
with V =
(
tQL |L〉 〈L|+ tQR |R〉 〈R|
)∑(
c†incout + h.c.
)
[20, 21, 22℄. Here, c†in and c
†
out reate eletrons in the
inoming and the outgoing leads of the QPC, where the
sum is taken over all momentum and spin states. We de-
rive the master equation for the redued density matrix ρ
of the double dot. We use standard tehniques and make
a Born-Markov approximation in V [23, 24℄. We allow
for an arbitrary inter-dot tunnel oupling, i.e., we keep
Vd exatly, with energy splitting E =
√
4 t2d + ε
2
in the
eigenbasis of Hd+Vd. We obtain the master equation [25℄
ρ˙L = −ρ˙R = 2td Im [ρRL], (3)
ρ˙RL =
[
itd + td
ΓQε
E2
(gΣ − 2g0)
]
(ρR − ρL)
− td ΓQ
∆µ
− (κΓQ + Γi − iε)ρRL, (4)
for ρn = 〈n|ρ |n〉 and ρRL = 〈R|ρ |L〉 . In ompar-
ison to previous work [20, 21, 22℄, we nd an addi-
tional term, −td ΓQ/∆µ, whih omes from treating Vd
exatly. We nd that the urrent through the QPC
is IL = 2πν
2e∆µ|tQL |2 for state |L〉 and analogously
IR for state |R〉 , and we hoose IL, IR ≥ 0. Here,
∆µ > 0 is the applied bias aross the QPC and ν is
the DOS at the Fermi energy of the leads onneting to
the QPC. We dene g± = g(∆µ ± E), gΣ = g+ + g−
and g0 = g(∆µ) with g(x) = x
/
∆µ
(
ex/kT − 1). The
values g±,Σ,0 vanish for ∆µ ± E > kT . In this ase, the
deay rate due to the urrent assumes the known value
[20, 21, 22℄, ΓQ =
(√
IL −
√
IR
)2 /
2e. Generally, the
fator κ = 1 + (4t2dgΣ + 2ε
2g0)/E
2
aounts for addi-
tional relaxation/dephasing due to partile hole exita-
tions, indued, e.g., by thermal utuations of the QPC
urrent. For almost equal urrents, IL,R = I (1± 12x), we
have ΓQ = Ix
2/8e + O(x4). Finally, by introduing the
phenomenologial rate Γi we have allowed for some in-
trinsi harge dephasing, whih ours on the time sale
of nanoseonds [26℄. For an initial state in the subspae
{ |L〉 , |R〉}, we nd the stationary solution of the double
dot, ρ¯ = 1
2
(1− ηε/∆µ) |L〉 〈L|+ 1
2
(1+ ηε/∆µ) |R〉 〈R| −
η(td/∆µ)( |R〉 〈L| + |L〉 〈R|), where η = ΓQ/[ΓQ(1 +
gΣ) + Γi]. Positivity of ρ¯ is satised sine η ≤ ∆µ/E.
The time deay to ρ¯ is desribed by three rates, given
as the roots of P (λ) = λ3 + 2Γtotλ
2 +
(
E2 + Γ2tot
)
λ +
4t2d
[
Γtot + ΓQ(gΣ − 2g0)ε2/E2
]
, with Γtot = κΓQ + Γi.
The stationary urrent through the QPC is given by
I¯ = ρ¯LIL + ρ¯RIR + 2e tdλ(ΓQ/∆µ)Re ρ¯RL and thus be-
omes
I¯ =
IL + IR
2
+ η
ε
2∆µ
(IR − IL)− ηλ2eΓQt
2
d
∆µ2
, (5)
where λ = 1 −∆µ(g− − g+)/E. We note that η quanti-
es the eet of the detuning ε on the QPC urrent. To
reah maximal sensitivity, η = 1, we need IR . IL/10 for
I ∼ 1 nA and Γi ∼ 109 s−1. In linear response, the ur-
rent beomes (IL+ IR)/2+ (IR − IL) ε tanh(E/2kT )[1−
(Γi∆µ/ΓQE) tanh(E/2kT )]/2E − 2e t2dΓQ[1 − E/kT
sinh(E/kT )]/E2 + e t2dΓi∆µ[sinh(E/kT ) − E/kT ][1 −
Γi∆µ tanh(E/2kT )/ΓQE]/E
3 cosh2(E/kT ). Note that
the seond term in Eq. (5) depends on ε, a property
whih an be used for read out, as we have disussed
4above. For example, for dierent Zeeman splittings and
ε↑,↓ = ±∆µ/2, Γi = 109 s−1, IL = 1nA, and IR = 0, the
urrent dierene is I¯↓ − I¯↑ = 0.4 nA, whih redues to
0.05 nA for IR = 0.5 nA. However, typial QPC urrents
urrently reahable are IL = 10 nA and IR = 9.9 nA, i.e.,
the relaxation of the double dot due to the QPC is sup-
pressed, η < 10−3, and other relaxation hannels beome
important.
Inoherent tunneling. So far, we have disussed o-
herent tunneling. We an also take inoherent tunnel-
ing into aount, e.g., phonon assisted tunneling, by
introduing relaxation rates in Eqs. (3),(4). For ex-
ample, for detailed balane rates and negleting oher-
ent tunneling, we nd the stationary urrent I¯incoh =
1
2
(IL+ IR)+
1
2
(IR− IL) tanh(ε/2kT ) (whih beomes IR
for ε > kT ). The QPC urrent again depends on ε and
an be used for spin read out. The urrent an also be
measured on shorter time sales as we disuss now.
Read out with time-dependent urrents is possible if
there is suient time to distinguish IL from IR between
two tunneling events to or from the referene dot, i.e., we
onsider Γtot > td. In this inoherent regime, the tunnel-
ing from qubit to referene dot ours with a rate W↑ or
W↓, depending on the qubit state, with, say, W↓ ≪ W↑.
Suh rates arise from spin-dependent tunneling, t↑,↓d , or
from dierent Zeeman splittings and tuning to tunnel-
ing resonane for, say, qubit |↑〉 while qubit |↓〉 is o-
resonant, see Figs. 1a and 1b. For read out, the ele-
tron is initially on the left dot and the QPC urrent
is IL. Then, if the eletron tunnels onto the referene
dot within time t and thus hanges the QPC urrent to
IR, suh a hange would be interpreted as qubit in state
|↑〉 , otherwise as qubit |↓〉 . For alulating the mea-
surement eieny e, we note that p↑ = p0 = 1 − e−tW↑
and p↓ = p1 = e
−tW↓
(with this type of read out, W↓
orresponds to a loss of the information, i.e., desribes
mixing [27℄). We then maximize e by hoosing a suit-
able t and nd eienies e & 50% for W↑/W↓ & 8.75
and e & 90% for W↑/W↓ & 80.
A more involved read out is to measure the urrent
through the QPC at dierent times. The urrent as fun-
tion of time swithes between the values IL and IR, i.e.,
shows telegraph noise, as skethed in Fig. 1d. Sine the
frequeny of these swithing events (roughly W↑ or W↓)
depends on the spin, the QPC noise reveals the state
of the qubit. Finally, at times of the order of the spin
relaxation time T1, the information about the qubit is
lost. At eah spin ip, the swithing frequeny hanges
(W↑ ↔W↓), whih thus provides a way to measure T1.
In onlusion, we have given the riterion when n-shot
measurements are possible and have introdued the mea-
surement eieny e. For eletron spin qubits, we have
proposed several read-out shemes and have found e-
ienies up to 100%, whih allow single-shot read out.
Other shemes, whih are based on the Pauli priniple,
have a lower eieny, e = 50%. We thank Ch. Leuen-
berger and F. Meier for disussions. We aknowledge
support from the Swiss NSF, NCCR Nanosiene Basel,
DARPA, and ARO.
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